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Abstract: We verify to order two previously conjectured relations, valid in four dimen- 
sions, between constant terms in threshold resummation (for Deep Inelastic Scattering and 
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factor. The same relations are checked to all orders in the large- /3o limit; as a by-product a 
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three-loop contributions to the virtual diagonal splitting function and to the quark form 
factor, confirming results obtained in the literature. 
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1. Introduction 

Threshold resummation, namely the resummation to all orders of perturbation theory of 
the large logarithmic corrections which arise from the incomplete cancellation of soft and 
collinear gluons at the edge of phase space, is by now a well developed subject [1, 2] in 
perturbative QCD. Large logarithms are however always accompanied by constant terms, 
whose contribution may be numerically important. In recent years, there has been some 
interest in the way these constant terms organize themselves. In [3], a relation between 
the constant terms and the massless quark form factor, valid in four dimensions, was 
conjectured in the case of Deep Inelastic Scattering (DIS) and Drell-Yan (DY). In this 
paper, we check this conjecture to order af . In addition, a check to all orders is performed 
in the large-nj limit, based on the dispersive approach. 

The paper is organized as follows. The order ct^ check is performed in sections 2 and 3 
for DIS and DY, respectively. In section 4, we point out that the conjecture, if correct, is 



- 1 - 



valid for the most general class of resummation procedures. The all-order large-n^ check 
is performed in section 5, where contact is made with the dispersive approach [3, 4] viewed 
as a peculiar resummation procedure; as a by-product, a dispersive representation of the 
large-n/ quark form factor is obtained. Section 6 contains our conclusions. More technical 
issues are dealt with in three appendices. In Appendix A an original method, based on 
the Mellin-Barnes representation, is exposed to compute the large- iV (index) behavior of 
moments of +-distributions, including constant terms. In Appendix B, the large- iV scaling 
behavior of the characteristic functions which occur in the dispersive approach is derived. 
In Appendix C the calculation of the massless one-loop quark form factor with a finite gluon 
mass, which gives the characteristic function of the large-n/ quark form factor, is detailed. 
The method wc use is based on the resummation of the small gluon mass asymptotic 
expansion, itself derived through the Mellin-Barnes representation technique. 



2. Threshold resummation of the physical anomalous dimension (DIS case) 

We recall the standard resummation formula [1, 2, 5]. Consider the leading (twist 2) 
contribution to the non-singlet structure function F2{Q'^,N) in Mellin AT-space 

F2{Q^,N) = 0{N,fM^) CiQ^N,,!^) , (2.1) 

where 0{N,fi'^) is the matrix element, C{Q'^ , N, fj?) the coefficient function, and //^ the 
factorization scale. At large- wc have, neglecting terms that fall as 1/N (up to logarithms) 
order by order in perturbation theory 

C{Q\N,fi^) ~ goisiQ^ti^) eMEDis{Q\N,fi'')] , (2.2) 

with the Sudakov exponent given by 

rl N-l _ 1 r /-(1-2)Q2 ,,2 

EDis{Q',N,fi^) = J dz _A{as{k'))+B{as{{l-z)Q'')) 

- (2.3) 

where, following the conventions of [5], with = ^ 



oo 



A{as) = Y,Ay, (2.4) 

i=l 

{A is the universal "cusp" anomalous dimension), and 

oo 

B{as) = Y,B^ai, (2.5) 

i=l 

are the usual Sudakov anomalous dimensions, whereas 

5D75(Q^M^) = l + E^P^ (%) al{^^') (2.6) 
i=i ^ 
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collects the residual constant (A^-independent) terms not included in Eois- We note that 
9DIS is different from qq as defined in [5] (which collects all the constant terms on the 
right-hand side of eq.(2.2)). Taking the derivative of eq.(2.3) we get [6, 7] 



Jo I — z 



dlnQ2 

where 



(2.7) 



J(k^) = A(a.(e)) + !!^^^, (2.8) 

and refers to the "jet scale" (1 — z)Q'^ in eq.(2.7). Thus for the "physical anomalous 
dimension" [8, 9] which describes the scaling violation one obtains at large-A'" 

d\nF2{Q^,N) _ d\nC{Q^,N, n'^) f\^z^~^-l 
dInQ2 - dInQ2 

where 



pi iV-i _ 1 

/ dz— J{l-z)Q^] + H{as{Q^)) , (2.9) 

Jo i — z 



Both the "Sudakov effective coupling" 

oo 

J{k') = J2ji4{k') (2.11) 

i=l 

and the "leftover" constant terms function 

oo 

H{as) = Y,Hia\ (2.12) 

i=l 

are renormalization group invariant quantities, given as power series in a^. At the difference 
of the usual Sudakov "anomalous dimensions" A and S, they are also renormalization 

scheme independent quantities. 

Changing variables to A;^ = (1 — 2;)(5^, eq.(2.7) becomes identically 



dlnQ2 

with 

Fo,s[j^_.Nj = [l-^,) -1. (2.14) 

It was shown in [10] that, up to terms which vanish for N — > oo, we have 



dEDis{Q^N,fi^) f^^dP^ fNk^ 



Jo i^^'^^H" 



J{k 



2> 



dlnQ2 fc2 V Q 

= Sdis{Q^N), (2.15) 



with 

'Nk^\ ( Nk"^ 



GDis{-^j=ew[--^]'l, (2.16) 
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where GoisiNk"^ /Q"^) is obtained by taking the N —>■ oo limit of FDis{k'^/Q'^,N) with 
Nk'^/Q'^ fixed. Thus we obtain at large- 

- Snis{Q\ N)+H (a.(Q^)) . (2.17) 

An additional simplification is achieved by extending to infinity the upper limit of integra- 
tion in eq.(2.15), and introducing a suitable UV subtraction term, thus obtaining, up to 
terms which vanish for iV — oo 

/•oo ^7,2 / Nh'^\ rlh"^ 

Sdis{Q',N) ^Gdis l^^j Jik') - Gnisioo) J ^ ^J{k') 

where the (UV finite) combination of the two (separately UV divergent, but IR finite) inte- 
grals on the right-hand side, when expanded in powers of as(Q^), contains only logarithmic 
and constant terms, and is free of O ( '"^^ ) terms (at the difference of the left-hand side). 
In the second line, we used that Gdis{°o) = —1, corresponding to the virtual contribution 
(the —1 on the right-hand side of eq.(2.16)). Thus we have 

/•oo ^7,2 /A/'i.2\ /•oo J7,2 °° 

Jo VW) ^^^'^ + Jq^ ^^^^'^ = ^^'^^^ "^^^'^ ' ^'-'^^ 

with (L = In AT) 

71 (A^) = 7iiL-F7io 

72(Ar) = 722-^^^ + 72l-^^ + 720 

13{N) = J33L^ + 132L'^ + l3lL + J30 (2.20) 

etc. . 

Alternatively, one may remove the virtual contribution from the Sudakov integral (so that it 
contains only real gluon emission contributions), and merge it together with the "leftover" 
constant terms, which yields the equivalent result, in terms of two separately IR divergent 
(but UV finite) integrals 

SnisiQ', [gdis (^) + l] J{k') - ^Jik^) . (2.21) 

Using eq.(2.18) into eq.(2.17), we end up with the large-A*" expression 
d\nF2{Q^,N) dk'^ f Nk"^' 



dlnQ2 



H{as{Q'))+ j ^^J{^ 



(2.22) 
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If instead one uses eq.(2.21) into eq.(2.17) one gets the equivalent form 



dlnF2(Q^iV) 
dlnQ2 



A;2 



Gdis 



+ 



(2.23) 



Next we observe that the UV (respectively IR) divergences present in the individual inte- 
grals in eq.(2.22) (respectively eq.(2.23)) disappear after taking one more derivative (which 
eliminates the virtual contribution inside the Sudakov integral), namely 



c^^lnF2(Q^iV) 
(dlnQ2)2 



de 

+ 



Gdis 
dH 



J(/c^ 



where Gdis = —dGDis/d\nk^, and the integral in eq.(2.24) 



Sdis ( ^ 1 = 



N 



^ dk"^ ■ 

-j^'^DIS 



Nk'^ 



Jik^ 



(2.24) 



(2.25) 



which depends on the single variable Q'^/N (the moment space "jet scale") is finite. In 
[3] it was conjectured that the combination dH/dlnQ^ — J{Cf'\ which represents the 
"leftover" constant terms not included in S'j-)jg{Q'^ /N)^ is related to the space-like on-shell 
electromagnetic massless quark form factor [12] T{Q'^) by the identity 

- JiQ^) . (2.26) 



dHn{j^{Q^)f _ dH 



(dlnQ2)2 jinQ2 

If this conjecture is correct, the second line of eq.(2.23), which involves an IR divergent 
integral, could be formally identified to the first logarithmic derivative of the square of the 
quark form factor, an IR divergent quantity: 



din {HQ^)f 



H 



(a.(Q')) - / 

JO 



Jik") . 



(2.27) 



dlnQ2 V /; 

In this section, we show that eq.(2.26) can be checked to order af, using results in the 
litterature [5, 13, 14]. 

Let us first consider the left-hand side of eq.(2.26). We begin from the evolution 
equation satisfied [12] by the form factor in I? = 4 — e dimensions (after multiplication by 
a factor of 2) : 

dln(T(Q^,€))^ / . 9. X fQ'^ . 0. \ r . 

\^^2]_=K{as{n%e)+G[^,as{^,%e^ , (2.28) 

where iiT (as(//^), e) is a counterterm function which contains only poles in 1/e, and is 

independent of Q^, while G (^^,as{fJ,^),e^ is finite in four dimensions. Taking a second 
derivative and letting e = yields 



d^ln {T{Q^)y 



(dlnQ 



2^2 



dlnQ^ 



>_d_ 
diJ? 



G 



(2.29) 
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We now use the renormaUzation group equation satisfied [12] by the G function (at e = 0) 
to find 

^q^gp!=,W,^))_|_G(^,„.(,^))_A(„,(,^)) , (2.31, 
where the beta function is given by the series 

oo 

/?(a,) = -5^A4+2 . (2.32) 

i=0 

Now, since ^a^n^^y^ '^^ ^ renormahsation group invariant quantity, we can set /x = Q, 
and get 

This relation is useful because it will give us the possibility to use the expressions for G 
quoted in [13] for fj, = Q. Rewriting eq.(2.26) as 

and using 

— = p^a.(Q-i)-H(a.(Q^)) (2.35) 
the relation to be checked becomes 

J{Q^) = A {as{Q^)) + P {as{Q^)) ^ [-G (l, asiQ^)) + H (a,(Q2))] . (2.36) 

Therefore, comparing with eq.(2.8), we have to check that 

B{as) = -G{1, as) + H{as) . (2.37) 

This is essentially a check of the "non-conformal" part ^ of J'. We note that a contribution 
at order a| to B implies a contribution at order a^"^^ to J in eq.(2.8). In particular, 
since B starts at order a^, it will contribute to only starting at order a^, and the order 
as contribution will be entirely provided by the cusp anomalous dimension A, yielding 
jTi = Ai. Moreover, a check of eq.(2.37) to order a* implies a check of cq.(2.36) to order 
al'^^. Since the cusp anomalous dimension A(as) does not appear explicitly in eq.(2.5), 
this observation implies that we shall be able to check eq.(2.26) to order af, despite the 
fact that A{as) is only known to order^ a^. Following the conventions of [13] for the G 
function, 

oo 

G{l,as) = J2Giai, (2.38) 



'^Eq.(2.37) also shows that the combination G(l, as) + B{as) is renormaUzation scheme invariant. 
^Actually, as we shall see, even A3 is not needed up to this order. 
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we therefore see that the proof of eq.(2.26) amounts to show that 

G{l,as) = H{a,)-B{as) , (2.39) 

i.e., for all i > 1, 

Gi = H,-Bi. (2.40) 

Let us come into the details of the proof for i < 3. The Gj's and BiS have been 
computed in the litterature up to i = 3 but for the iJj's a bit of work is still needed. We 
have the following relation to determine Hi: 

H{as{Q^))+Cuis{as{Q')) = -^^^9^'' (^,«s(/.^)) , (2.41) 

where Qq^^ is a function^ which collects all the constant terms on the right-hand side 
of cq.(2.2), and is thus different from gois^ whereas Cdis collects the constant terms 
included in the Sudakov integrals on the right-hand side of eq.(2.13) or (2.15). Eq.(2.41) 
simply expresses the fact that the constant terms on the right-hand side of eq.(2.17) are the 
sum of the constant terms originating from H and those included in the Sudakov integral 
Sdis{Q^, N). For ijl = Q we have 



9o 



DIS 



{l,a,) = l + J29^'' ai, (2.42) 



i=l 



where the Oq/'^'s are known [5] up to i = 3 and we show below that one can obtain 
^jj^ln^f^-^^ (^Q^,as{ii^fj from g^^^{l,as). On the other hand Cdis is given by the 
series (see eq.(2.20)) 

oo 

CDisias) = Y.^ioai . (2.43) 

1=1 

We begin with the calculation of the right-hand side of eq.(2.41). We have 

^ .ln,o^^^ ( %,a,i^^)] = -l^'^lng^'' ( ^,a.(/.^)') . (2.44) 



We can then use eq.(3.10) of [14] to obtain the renormalization group equation satisfied by 

Ing^'^ (^^l^asif,')^ =A{a,ifi'))jE-Bs{asii^')) , (2-45) 

where B§ is the coefficient of 5(1 — x) in the non-singlet splitting function. Its expansion 
in powers of 

oo 

Bs{as) = ^Bfal (2.46) 



1=1 



^do'^i^jO's) is denoted go{as) in [5]. 
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is known up to z = 3 and can be found in [14], [15]. We thus obtain 



dluQ 



2 ' 



(^2)) =-[A{as{fi'))^E-Bs{as{fi'))] 



(2.47) 



Now, since ^^^qi Ing^^^ ^^,as(/i^)^ is a rcnormalisation group invariant quantity, we 
can set /x^ = on the right-hand side of eq.(2.47) to get 



dlnQ' 



^ ]r, „DIS 

,2 ^^9q 



,a,(//2)) = [Bs{as{Q^))-A{as{Q''))iE] 



d 



+ P{a,{Q^))—lng^'^l,as{Q^)) . (2.48) 



Wc then go on by computing the series coefficients in eq.(2.43) up to order o;^. Since J{h^) is 
a renormalization group invariant effective cliarge, we have the well-known renormalization 
group logarithmic structure (see e.g. [8]), expanding in powers of as{Q^) 



-poJi In ( ^ ) + J2 



(2.49) 



+ 



0iJx InM - (/3i Ji + 2/3o J2) In 7^ + J3 



Moreover eq.(2.8) gives: 



and 



J2 = A2- PoBi 
J3 = As- PiBi - 2/30B2 . 



(2.50) 
(2.51) 

(2.52) 



Then the calculation of the coefficients 7^0 in eq.(2.43) up to i = 3 is reduced to the 
evaluation of the constant terms Cp in the N ^ 00 asymptotic expansion of the integrals 
(for p = 0,1, 2): 



Ip{N) ^ [ 
Jo 



exp -■ 



A;2 



- 1 



(2.53) 



because, as we have seen, Cdis collects the constant terms of the right-hand side of 
eq.(2.15). The Cp can be obtained from standard results in the litterature (see e.g. [5]), 
since changing variable to k^/Q^ = 1 — z, one gets 



Jo 1 — Z 



(2.54) 



which was shown [16] to have the same large-A/" expansion (up to terms which vanish for 
iV ^ 00) as Ip{N) = dz ^"''-^ InP (l-z). One thus gets, for p = 0, 1, 2: 



Co 



-IE , 



(2.55) 
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and 



C2 = -^ (7l + 7i?Y + 2C3) . (2.57) 



A novel derivation of these results is presented in Appendix A. Using eq.(2.49), we then 
find the series in eq.(2.43) to be given by 

Coisias) = JiCqo-s + {-PoJiCi + J2Co)al 

+ [PiJiC2 - iPiJi + 2/3o J2)ci + J3Co]4 + ... . (2.58) 

Now eqs.(2.41) and (2.48) yield 

H{as) = Bs{as) - [CDis{as) + A{as)jE] + /5(«s)^ l^Qo'Hh a.) ■ (2.59) 
For i = 1 one thus gets 

Hi = Bf - [Ai^E + Jico] = Bf , (2.60) 

where we used eq.(2.50). 
For 1 = 2 one gets 

H2 = Bi - \A2iE + {J2c^ - /3o^ici)] - /3o5?/^ 

= i?2^-/?o[7£;i?i-^iCi+5?/^] , (2.61) 

where we used eq.(2.51). Thus 

H2 = Bi + Cf/?o(9 + 4C2) , (2.62) 

where we used [5] 

= 4Cf , (2.63) 

Bi = -3Cf (2.64) 

and 

5?/^ = Cf(-9 + 37£ + 271 - 2C2) . (2.65) 

Finally, for i = 3 we find 

H3 = Bi- [A37E + ( J3C0 - iPiJi + 2PoJ2)ci + PiJiC2)] 

= Bl-Pi [jeBi - Aici + 5?/^] - Pi [2ciBi + A1C2] (2.66) 
- /3o [2jeB2 - 2A2C1 + 2^0^/^ - (50^/^)2] , 

where we used eq.(2.52). We note that only Aj with j < i contributes to Hi, and that the 
coefficient of the Pi term in eq.(2.66) is the same as that of the Pq term in eq.(2.61) (the 
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general structure underlying these observations will be displayed below). Eq.(2.66) gives 



- Ca 
+ nf 



1 , 



vr 



TT 



+ 4Cf/3o' { -^Ye + + y + 7e y + 3C3 



16 



5465 11 2 11 3 



r4 
60 



(2.67) 



469 



11 



71 4 232 



144 

457 1 



— 7f H 7f 71" H 7£7r H vr^ Ca 

^ -r g /i? ^2 18 '-^ ^ 360 9 ^ 



2 2 o 35 9 1 2 
72 + 2^^ + 9^^ - 36^^ + 9^^^ 



where we used [5] 



A2=Cf 



268 
~9~ 



8C2 



40 



Bo 



and 



3155 44^ , ^ 

+ YC2 + 4OC3 ) +CFnf 



9 

247 8 
"27 ~ 3 



C2 



Op 



(2. 



I2C2 + 24C3 



(2.69) 



„Dis _ ^2 



331 51 



27 



111 



- yTB - y Te + 67b + 27I + — C2 



I87EC2 - 47IC2 - 66C3 + 247eC3 + Ul 

5 



+ CfCa 



5465 3155 367 2 22 3 1139 . 
■yy + yy7s + 3g-7B + y7B - yg-C2 

22 , , o . 464 ^ ^ ^ 51 , 
- y7EC2 - 47IC2 + y-Cs - 407i5C3 + y CI 

457 247 29 2 4 3 85^ 4 , 4, 
^ - - - 9^^ + + 3^^^^ + 9^^ 



(2.70) 



Substituting n/ = — I/Jo + ^Ca in the coefficient of the (3q term in eq.(2.67) yields a further 
simplification: 



H^ = Bi + CfPi (9 + 4C2) + CfPI 
7 



/457 
II2" 



+ 38C2 + 4C3 



(2.71) 



+ CfPo 



Cf 



12 



^ 75C2 + 132C3 + yd ) + Ca 



^ + 28C2 - IO8C3 - ^Cl 



We note that all 7^ terms, which arise entirely from the Sudakov integral (see eq.(2.58)), 
have cancelled in the iJj's. 

We now have all ingredients to check eq.(2.40) for i < 3 and verify eq.(2.26) order by 
order in Ug, up to order af. Since [14, 15] 



we get from eq.(2.60) 



Bi = 3Cf , 
Hi = 3Cf ■ 



(2.72) 
(2.73) 
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Moreover we have [13] 

Gi = 6Cf . (2.74) 

Thus we find, using eq.(2.64), that 

Gi = Hi-Bi, (2.75) 

checking eq.(2.40) for z = 1. 

We next consider the case i = 2. Since [14, 15] 

Bi = CfCa + y C2 - I2C3) - Cpuf Q + ^(2) + Cf - I2C2 + 24C3) (2.76) 
and 

/3o = yCA-^ny, (2.77) 

eq.(2.62) gives 

i^2 = C^C^f^ + ^-12C3Vc^n,f^ + ^C2l+C|f^-12C2 + 24C3) . 



(2.78) 



^ 6 

Moreover we have [13] 

G2 = CfCa + y C2 - 52C3) - Cpnf + ^(2) + C|(3 - 24C2 + 48C3) • (2.79) 



We thus find, using eq.(2.69) 



G2 = H2-B2 , (2.80) 



checking eq.(2.40) for i = 2. We also note the simple relations between the Cp terms in 

eq.(2.69), (2.76), (2.78) and (2.79). 

Let us finally consider the case i = 3. Since [14, 15] 

Bi = C^Fi^ + I8C2 + 68C3 + — Cl - 32C2C3 - 240C5 



^^2^ A51 410 844 988 2^ 

+ CfCa I ^ ^C2 + — Cs - ^C2 + I6C2C3 + 12OC5 

2 A657 4496 1552 
CfCa [ ^C2 + — + 2C2 - 4OC5 



^ 2/17 80^ 16 \ ^2 /^o 20^ 136^ 232 . 

- Cfu} (y - -C2 + y C3 j - C^FUf (23 - y C2 + ^C3 " ^Cl 



and 



+ CFCAUf [20 - ^C2 + f^C3 + Id) (2.81) 



Pi = Y^A - '^CFUf - Y^AUf , (2.82) 
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we find, using eq.(2.67), 



o /29 288 9 

H3 = cM Y + I8C2 + 68C3 + — Cl - 32C2C3 - 240C5 

/94 1235^ 2296^ 856 ,0 , 
+ C^Ca (^y - -^C2 + -^C3 - ^Cl + I6C2C3 + I2OC5 

2 A6540 22286 1544 1592 2 , . 



^ 208 o\ ^ 2/^406 536^ 



, 239 146 , 400 

+ + — C2- — 

^ ^ , 5516 7216 , 224 , 296 ,0 , 
+ CFCAn/(-^^ —C^ + —C, + —(:l) . (2.83) 



Now we have [5] 



S3 = - y - I8C2 - 68C3 - y-Cl + 32C2C3 + 240C5 

n / 712 272 o 

+ C^fCa f -46 + 287C2 - ^C3 - ^Cl - I6C2C3 - I2OC5 

^ f 599375 32126 , 21032 , 652 o 176 , , 



32 

2-^C3 



^2 /5501 32 \ ^2 / 8714 232^ 

/ 160906 9920^ 776^ 208 /no.N 
+ C.C,n, ^ - ^C2 - y-C3 + ^Cl (2.84) 



and [13] 

G3 = C^F (29 + 36C2 + 136C3 + ^Cl - 64C2C3 - 480C5 

/232 2096, 3008, 8 . 
+ Cj^CA f -3 3-C2 + -3-C3 - 3CI + 32C2C3 + 240C5 

^^2/1045955 34732^ 34928^ 188 o 176,, ^^^^ 
+ ^^^^ + - - — + — ^^^^ + '^'^^ 



^2 / 3826 296, 

+ ^^^-/(-yy + — C2 



1232, 208 ,2 \ ^ 2 / 19676 304^ 32 

C3 H C9 + Cpni \ C2 H ( 

9 15 729 27 ^ 27 



^ ^ / 309838 11728^ 1448^ 88,2\ 

+ ^^.^^An, - ^C2 + ^C3 + ^Clj , (2.85) 

so that we indeed get 

G3 = H3-B3, (2.86) 

checking eq.(2.40) for i = 3. We again note the simple relations between the Cf, terms in 
eqs.(2.81), (2.83), (2.84) and (2.85). 

General structure of H{as) and B{as): 



-12- 



We observe that 



d , DISr 9 



CDis{as) + A{as)lE-^{as)^\ng^'^{l,as) = P{as)^/^Dis{as) (2.87) 

= -Po^^^'al - (AaH+ 2/3oAf ^^)a^ + ... , 

where ^£)is{as) = ^i^^O's + + ^'^d the beta function factorizes, in the sense 

that the Af -^^'s are group theory factors polynomials: 

Af^^ = Cp(9 + 4C2) 



457 

(3o[^ + l%2 + Kz] (2.88) 



24 



Af = Ce 

7 75. 6 o\ „ /73 ... ... 71 



+ Cf g - y C2 + 66C3 + -ClJ + (^^ + - 54C3 " y Cl 

We thus obtain the general structure 

H{as) = Bsias) - p{as)^ADis{as) ■ (2.89) 

das 

Prom eqs.(2.5) and (2.89) we further obtain the general expression for B: 

B{as) = Bsias) - G{1, as) - /?(a,)^Ac/5(a.) , (2.90) 

which actually allows to compute Bi (and in particular ^3) given the universal virtual 
quantities Bf, Gi, and lower order coefficients with j < i contained in Aj;)js(as). We also 
note that the combination B4 — bI + G4 among i = A (not yet computed) coefficients can 
be determined in terms of known i <3 coefficients. Eq.(2.90) is a new result of the present 
approach. 

3. Threshold resummation of the physical anomalous dimension (DY case) 

In the DY case, the analogue of the resummation formula eq.(2.2) for the short distance 
coefficient function is 

W (Q', N, I?) ~ gDYiQ", fi^) eMEoriQ'', N, /x')] , (3.1) 

with 



EnYiQ^N,^^') = j^dz 2'-^—-^ ^ A [asi^)) + {as{{l - zf Q^)) 

(3.2) 

where 

CXD 

D{as) = Y,Dia\ (3.3) 

i=l 

is the standard Sudakov anomalous dimension which controls large angle soft gluon emission 
in the DY process, whereas 

gDy{Q\n') = 1 + f;^^ (%) al(M^) (3-4) 
i=i ^ 
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collects the constant terms not included in Edy- Taking the logarithmic derivative of 
eq.(3.1) one gets at large- iV 



/•I N-\ _ 1 

/ dz2— S[{l-zfQ'']+K{as{Q^)) , (3.5) 

Jo i. — z 



dlnQ2 

where the "Sudakov effective charge" 

and the "leftover" constant terms function (not to be confused with the form factor related 
K counterterm in eq.(2.28)) 

^i^^^Q^)- dh^2 (3-7) 

are renormalization group invariant quantities, and S refers to the "soft" scale (1 — z)'^Q'^ 
in eq.(3.5). Changing variables to = {1 — z)^Q'^, eq.(3.5) becomes 



d\n aDYiQ'^,N, n 



— 



dlnQ2 
with 

Fdy 



I -^^DY (^^, Nj Si^) + K (a,(Q2)) , (3.8) 



Q^V^V-Q^ -1. (3.9) 



It was further shown in [10] that eq.(3.8) is equivalent, up to corrections which vanish for 
iV — DO, to 



dlnagy(Q^iV, 
dlnQ2 

with 



where GDY{Nk/Q) is obtained by taking the N ^ co limit of Fnyik/Q, N) with Nk/Q 
fixed. The analogues of the large-iV relations eqs.(2.22), (2.23) and (2.24) are 



dlnQ2 p \ Q 

fOO ^7,2 



+ 



K{as{Q'))+ j /-^S{k^ 



(3.12) 



dhl(JDY{Q\N,^x'') 

dluQ^ 



°° dk^ fNk , ^ 
Gdy ^ + 1 







A:2 



Q 



+ 



/•V Hk^ 



S{k') 

2 



(3.13) 
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and 



f 

Jo 



Gdy 



Nk 



(dlnQ2)2 

r dK 

where Gdy = —dGoY/dlnk^, whereas the analogue of eq.(2.26) is 

d2ln|^(-Q2)|2 dK 



(3.14) 



(dlnQ2)2 



dlnQ2 



(3.15) 



where J^{—Q^) is the time-hke quark form factor. 

To compute the left-hand side of eq.(3.15), it is convenient to write 



In \n-Q')\' = In {HQ'))' + ^ (a.(Q')) , 



with 



7^ (o,(Q2)) = In 

and we thus get, using eqs.(3.15) and (2.33) 

d 



HQ"") 



(3.16) 
(3.17) 



S{Q^) = A{as{Q^))+(5{as{Q^)) 



da. 



dTZ 

G (1, a,(g2)) _ p (a,(Q2)) — +K (a,(Q2)) 

(3.18) 



which implies, comparing with eq.(3.6) 



^Dias) = -Gil, as) - K^s)^^ + i^(a.) . 



(3.19) 



We thus have to check that 



G(l,a,)+/3(a,) 



dTZ 
da. 



K{as 



1 



D{as) . 



(3.20) 



Now KicLg) can be computed from the analogues of eqs.(2.41) and (2.48) which yield: 

d 



K{as) + CDY{as) = 2[Bi{as) - ^(a,)7E] + (i{as)^ ln5?^(l, a,) , 



(3.21) 



where Gdy collects the large- A?^ constant terms included in the Sudakov integrals in eq.(3.8) 
or (3.10), and the factor of two on the right-hand side arises because we have two incoming 
partons. Similarly to eq.(2.59) we thus have 



K{as) = 2Bs{as) - [Cw(a.) + 2A(a,)7s] + P{as)-^ l^9o^{l, a,) . 
Moreover the analogue of eq.(2.58) is: 

CoYias) = 25iCoas + (-4/3ocSiCi + 2cS2Co)a^ 



(3.22) 



+ 



iSiC2 - 4(/3i5i + 2/3o52)ci + 253Co]a^ 



(3.23) 
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where Si are defined by 



5(A;2) = 5ia,(g2)+ -/3o<Si In 



+ 52)a2(Q2^ 



fe2 



(3.24) 



+ P^Si In^ - (/3i<Si + 2P0S2) In -2 + 53 a^(Q') + 



Eq.(3.23) is easily obtained from eq.(2.58) once one notices that 



Jp{N) = 



Furthermore eq.(3.6) gives 



exp 



Nk\ 



-1 



In*' 



g2 / - - 



and 



Si = Ai, 
83 = As-Pi^Di- 200^02 . 



Prom eq.(3.23) one can then infer the general structure (similar to eq.(2.87)) 

CoYias) + 2A{ashE - /3(a,)— In^f ^(1, a,) = /3(a,)— A^^y (a,) 



das 

DY 



(3.25) 

(3.26) 
(3.27) 

(3.28) 
(3.29) 



.DY\„3 



where A£)y(as) = Af^a^ + A^^a^ + and the A^^'s are group theory factors polyno- 
mials, which yields the general structure of K{as) 



d 

K{as) = 2Bs{as) - /3(a^)^Aoy (a. 



One finds: 
i) 

where we used [17] 

and 

ii) 



A^ = Ce 



(16 - 8C2) 



Di = 



go/ = Cf {-Id + 8^1 + 16(2) 



127 56 



-C2 + 12C3 
88 



(3.30) 

(3.31) 
(3.32) 
(3.33) 

(3.34) 



+ Cf{-- 58C2 + 6OC3 + ^(2 +Ca{- + -C2 - 72C3 + — C; 



23 



12 



where we used [17] 

D2 = CfCa 



1616 176^ , ^ 

+ ^C2 + 56C3 ) + CpUf 



224 32 



(3.35) 



- 16 - 



and 



511 



552 



902 =C'f{ — - 128Ye + 327I - 198C2 + I287IC2 - 6OC3 + -^Q 



+ CfCa 



1535 1616 536 n 176 , 376, 



604 



92 



-167|;C2 + -g-Ca - 567f;C3 - yCl 
127 224 80 2 32 3 64 8 



(3.36) 



Eq.(3.30) thus yields the following results in low orders: 
For 1 = 1 



For z = 2 



For z = 3 



Ki = 2S? . 



K2 = 2Bi + Cf/?o(16 - 8C2) 



(127 112 \ 
^ ^C2 + 24C3j 



(3.37) 
(3.38) 

(3.39) 



1 



176 



Cf{-- II6C2 + I2OC3 + — C2 + '^^ 23 + — C2 - 144C3 + — C: 



16 



24 



We can now check eq.(3.20) for i < 3, and thus prove eq.(3.15) to order a^. We first 
note that from [12, 13] one gets 



7^(a,) = 3C2^ia, + 3C2(/3oGi + ^2)a^ + .. 
= ritts + r2al + ... , 



(3.40) 



which yields 



n = 12CfC2 

r2 = 12CfC2 



233 \ 19 ■ 



(3.41) 



Since Di = 0, the order contribution to the right-hand side of cq.(3.20) reduces to Ki, 
whereas TZ does not contribute at this order to the left-hand side, which reduces to Gi. 
Thus one has to check that 

Gi = ifi , (3.42) 

which is indeed satisfied (see eq.(3.37) and the relevant expressions in section 2). 
Next we get from eq.(3.38) 



K2 = CfCa - 24C3) - Cirn/y + Cf, (3 - 24C2 + 48(3) , 



(3.43) 
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whereas the order contribution to the left-hand side of eq.(3.20) is G2 — Pori. So we 
should check whether 

G2 = K2- + Pon , (3.44) 

which is also satisfied. 
Finally we have from eq.(3.39) 

(576 
29 + 36C2 + 136C3 + — Cl - 64C2C3 - 480C5 

/232 2096, 3008, 8,0 
+ Cj^CA (^^ ^C2 + - 3CI + 32C2C3 + 240C5 

^ ^2 /^3082 ^ , 4952, 68,2 
+ CfCI i-^ - 24OC2 - -^Cs + yd + 8OC5 



,2 / 235 320 , 512 , 112 ,2 \ ^ 2 / 220 32, 64 



/ 3052 320^ 208^ 8 
+ CpCArif — + — C2 + -^Ca - (3.45) 

and [17, 18] 

D, ^ C,Cl (-'^ + ^C. + ^^Cs - ^Cl - fee, - 384a 



3712 640 , 320 , 

1 C2 -\ Cs 

729 27 ^ 27 ^ 



o /3422 , 608, 64 2\ ^ 9 / 
+ ^^Fn/ - 32C2 - -^C3 - y Cl j + Cpn} i^- 

/ 125252 29392^ 2480^ 736 o\ 
+ C^CAUf - - ^Ca + ^Cl j . (3.46) 

Now the order contribution to the left-hand side of eq.(3.20) is G3 — {PiVi + 2/3or2). So 
we should check whether 



G3 = K3- ^Ds + Pin + 2/3or2 , (3.47) 



which is again satisfied. 



General structure of D(as): 



Prom eqs.(3.20) and (3.30) we further obtain the following general expression for D (the 
analogue of eq.(2.90)): 

1 dTZ d 

-D{as) = 2Bs{as) - G{1, a,) - /9(o.)^ - /3(a,)— Aw(a.) , (3.48) 

which allows to compute Di given the universal virtual quantities Bf, Gi, and lower order 
j < i coefficients. Eq.(3.48) is actually closely related to results given in [17] and [18]. 
To make contact with the "universal" quantities fq{as) appearing in [17] and defined in 
[19, 20], we can put 

G{l,as) = Gias) + AG{as), (3.49) 
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with G as defined in [18, 21], such that 

/,(a,) = G{as) - 2Bs{as) . (3.50) 
We note that AG{as) is also proportional to the beta function, i.e. has the structure 

AG(a,) = /?(a,)^ , (3.51) 

where K{as) is a power series with polynomial dependence on the group theory factors. 
Then eq.(3.48) becomes 

^D{as) = -fq{as) - Pias)-^ [7^(a,) + ^(a,) + Aw(a,)] , (3.52) 

which should be equivalent to eq.(4.4) in [18], and reproduces eq.(36) in [17]. 

As a last comment, we note that subtracting eq.(2.90) from eq.(3.48) we obtain 

1 d 

-D{as) - Bias) - Bs{as) = -/3(«s)^ M^s) + ^Dvias) - Aoisias)] , (3.53) 



s 



which yields the relations [5] 



lDi-B,-Bf = 0, 

1^2 -B2- Bi = 7CfPo , (3.54) 



as well as the new relation 



^Ds -Bs- Bi = 7CfPi + Po 



CaCf ( f + f C2 - 36C3 - f Cl 



305 2^ A f9 ^ ^ 164 

+ -C2 + 20C3j +CM--41C2-12C3 + — ( 



(3.55) 



allowing to compute 1)3 given B^, and information obtained from i < 2 coefficients. 
We also note that the combination — B4 — Bf can be determined in terms of known 
i < 3 coefficients. 

4. The VEiriety of resummation procedures 
4.1 DIS case 

It was observed in [10, 11] that the separation between the constant terms contained in 
the Sudakov integrals on the right-hand side of eq.(2.13) or (2.15) and the "leftover" 
constant terms contained in H{as) is arbitrary, yielding a variety of Sudakov resumma- 
tion procedures, different choices leading to a different "Sudakov distribution function" 
G^}g{Nk'^/Q'^) and "Sudakov effective coupling" Jnewik^), as well as to a different func- 
tion Hnewi^^s), namely we have the alternative large- representations (up to terms which 
vanish order by order in perturbation theory for — > 00) 

^^^^J;^^','^^ ~ SWrsiQ',N) + iJ„e«, {asiQ')) , (4.1) 
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with 



mew 
^DIS 



(4.2) 



anew /'/o2 t\t\ / "''^ /-in 

As in eq.(2.18), we can extend to infinity the upper hmit of integration to obtain 

/•oo J7.2 

anew ( Ar\ / /-ine\ 

19 I J^new{k ) + / ~priJnew{k ) , C^-^) 



Jo 1^ 



Gnew 
DIS 



Q2 ^ ■^new{k'^) ~ G^jg{oo) J ^ —j^Jnew{k'^) 



where in the second fine, we used that G^fg{oo) = —1 for all resummation procedures, 
corresponding to the virtual contribution in the Sudakov integral (which determines the 
leading logs of AT). Thus we get 

I -W^^^^^' ^-^-^^'^ + Iq. ^Jnewik') = ^7r"'(iV) <iQ') , (4.4) 



with (L = In N) 



etc. , 



(4.5) 



where only the non-logarithmic Yio^ terms do depend upon the resummation procedure. 
Alternatively, as in the standard case, one may remove the virtual contribution from the 
Sudakov integral (so that it contains only real gluon emission contributions), and merge it 
together with the "leftover" constant terms, which yields the equivalent result, in terms of 
two separately IR divergent (but UV finite) integrals 



^DIS 



Nk"' 



+ 1 



2 f^^ dp 2 

>Jnew{k ) ~ I ~nriJnew{k ) • (4-6) 

Jo 



Using eq.(4.3) into eq.(4.1), we thus end up with the large- AT expression 

dlnF2(Q^A) dk'^ „„^.., f Nk'^' 



dlnQ2 



oo iu2 

rinew 
-j^^DIS 



Jnew^k ) 



+ 



2 d.k'^ 

Hnew (O'siQ )) "I" / , 2 '^newik 



(4.7) 



If instead one uses eq.(4.6) into eq.(4.1) one gets the equivalent form 



dlnF2(Q^A^) 
dlnQ2 



°^ dk^ 

fe2 



Gnew 
DIS 



Nk' 



+ 



+ 1 

2 



<Jnew {k ) 



2 dk 

Hnew (oSs(Q )) J ~~j^Sfnew{k 



(4.8) 
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Again we observe [3] that the UV (respectively IR) divergences present in the individual in- 
tegrals in eq.(4.7) (respectively eq.(4.8)) disappear after taking one more derivative (which 
eliminates the virtual contribution inside the Sudakov integral), namely 



dH, 



{d\nQY 



d\nQ^ 

where = -dC^^s/dlnk'^, and the integral in eq.(4.9) 



(4.9) 



S'nrs (f ) - f ^GlTs (^) Jnew{k^) (4-10) 

is finite, and consequently uniquely determined, without need for a ^^new" subscript any- 
more. The point is that S'jjjg{Q'^ /N) being UV (and IR) convergent, all the large-A?^ 
logarithmic terms (which are unambiguously fixed) are now determined by the constant 
terms contained in the integral, which cannot be fixed arbitrarily anymore. This observa- 
tion implies in turn that the combination dHnew/dlnQ^ — JnewiQ"^), which represents the 
"leftover" constant terms not included in S'j^jg{Q'^ /N), is also uniquely fixed. Consequently 
[3] the conjecture eq.(2.26) has an analogue for all resummation procedures, namely 

fHng^_dHr^_ , 

(dlnQ2)2 - dl^Q2 ^new[Ul ) ■ I4.iij 

The same unicity statements are actually valid in a more formal^ sense (since they are UV or 
IR divergent quantities) for the integrals (which could both be referred to as Sdis{Q'^ /^)) 
appearing on the first line of eq.(4.7) or (4.8), as well as for the combination of constant 
terms appearing on the second line of these equations. In particular, the second line of 
eq.(4.8) can be formally identified, as in the standard procedure (section 2) to the first 
logarithmic derivative of the square of the quark form factor, an IR divergent^ quantity: 



2 

Hnew (asiQ'')) - I ^Jnewik'') ■ (4.12) 



dlnjHQT _rr . ^o'.^ r dk' 



An application of this relation is given in section 5 to the "Minkowskian" resummation 
formalism. 

Finally, following steps analoguous to those which lead to eq.(2.36), one can show that 
eq.(4.11) is equivalent to 

JnewiQ"") = A (a,(Q2)) + (3 (a,(Q2)) ^ [-G (l, a,(Q2)) + R^ew (a.(Q'))] 

^A(a.(Q^)) + '^-y^) , (4.13) 



*A rigorous definition can be given in term of Borel transforms, wfiicli are fiowever singular at tlie origin. 

®Eq.(4.12) may still make sense at the non-perturbative level, if one assumes that the Sudakov effective 
charge Jnemik^) vanishes for — > 0. This vanishing also occurs [22, 23] for D > 4 in the dimensional 
regularization framework. 
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which imphes the new Sudakov anomalous dimension Bnew should be given by 

Bnew{as) = -G{1, as) + Hnew{as) ■ (4.14) 

Eq.(4.13) also shows that the Sudakov effective coupling Jnew differs from the cusp anoma- 
lous dimension by a term proportional to the beta function in all^ resummation procedures. 

4.2 DY case 

Similar generalizations apply in the DY case. The generalizations of the large- iV relations 
eqs.(3.12), (3.13) and (3.14) are 



cilnQ2 



+ 



(a.(g')) + / 

Jc 



A;2 



(4.15) 



dlnaDYiQ'^,N, n 



dlnQ2 



2^^ poo 

— rsj 



Jo ^ 



Q J 



,{k' 



+ 



Knew (as(Q^)) 



'~^ne'w\"' J 



and 



d'^lnaDYiQ\N,fi^ 



(ding 



2^2 



I 



-I- 



dK„ 



Q 



^new{Q ) 



-dlnQ2 

where G'^-y = —dG^y /dlnk"^ , whereas the conjecture eq.(3.15) implies 



d2ln|^(-Q 



2m2 



dK„ 



(4.16) 



(dlnQ2)2 ^l^Q2 
Eq.(4.18) is equivalent to the statement that, for any resummation procedure 

SneUQ') = A{as{Q^)) +/3(a,(g2)) A \-G {l,asiQ^)) - l3 {usiQ^)) ^ 



(4.17) 



(4.18) 



da. 



+ Knew (as(Q^)) 



^A{as{Q')) + - 



1 dDnew {as{Q^)) 



dlnQ2 



wr 



th^ 



^Dnewicis) = -G{l,as) - (3{as)^ +Knew{as) ■ 



(4.19) 



(4.20) 



®We note however that the general structures eqs.(2.89) and (2.90) hold usually only for the standard 
procedure, since they rely on the specific relations eqs.(2.55), (2.56) and (2.57). 

^ Again (footnote 6), the general structure eq.(3.48) is usually valid only for the standard resummation 
procedure. 
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5. All-order check at laxge-nfi connection with the dispersive approach 
5.1 DIS case 

At laxge-n/ ("large-/3o" limit) and finite N, the following dispersive representation holds 
[24, 25] 

where 

1 .. in 1 /I / X2 \ \1 

(5.2) 



1 /^2^ _ 1 



4Cf / 



11 /I, / A 

arctan — In — „ 

2 TT Vtt VA?, 



is the time-like (integrated) discontinuity of the Euclidean one-loop coupling (the "V- 
scheme" coupling) associated to the dressed gluon propagator 

/3oln(f) 

(Ay is the V-scheme scale parameter). Eq.(5.1) represents the "single dressed gluon" 
exchange contribution, i.e. the infinite sum of diagrams with a single gluon exchange, 
dressed with an arbitary number of (renormalized) quark loops. Let us now take the 
large-iV limit of eq.(5.1). We shall use the following two properties of the Mellin space 
characteristic function 



J^Disie,N) = C dx x''-'J^Dis{e,x) , (5.4) 
Jo 

where e = A^/Q^, and !Fdis{^iX) is the momentum space characteristic function: 

i) For N CO with ej = Ne fixed, we have the scaling property [3, 10, 11] (see Appendix 
B) 

j'Dis{e,N)r^gDis{ej) . (5.5) 

ii) For N ^ oo with e fixed we have 

j^Dis{e,N)^Vs{e) , (5.6) 

where ^ [24] 



Jo 



(1 - z)^ z 

Vs{e) = - I dz^j-j- In - (5.7) 



is the virtual contribution to the characteristic function. Eq.(5.6) follows from the expres- 
sion [24] for the momentum space characteristic function 

^Dis{e, x) = ^i\s{€, x)e(l -x-ex)+ V,(e)5(l - x) , (5.8) 

(where !Fjjjg{e,x) is the real contribution) which gives in Mellin space 

1 

^D/5(e, N)= f dx a;^-ij^S5(e, x) + V,(e) . (5.9) 
Jo 



'Our normalization of Tdis and of Vs is half that in [24]. 



-23- 



To derive the large- limit of eq.(5.1), we first take the limit N ^ oo with Ne fixed inside 
the dispersive integral, getting 



dlnF2{Q^N) 



dlnQ2 



large-/ 



^QDis{Ne)A\,,^^{\^) , (5.10) 



where the right-hand side is however UV divergent, since Gdis{'x>) = — 1 (corresponding 
to the virtual contribution). To introduce the required UV subtraction, we write eq.(5.1) 
identically as 



d\nF2{Q^,N) 



dlnQ2 



large- /3 



POO i\2 

^gDis{Ne)A 



V 

Mink 



+ 



A2 



J'Disie, N) - GDisiNe) <,„fe(A^) , (5.11) 



and take in a second step the limit N —>■ oo (with e fixed!) inside the second integral, thus 
getting^ 



dlnF2{Q^N) 



dlnQ2 



large-/ 



(5.12) 

The second integral in eq.(5.12) now appears as an AT-independent subtraction term, which 
regulates the UV divergence of the first integral. It is remarkable, on the other hand, that 
both integrals are IR convergent. Indeed, one finds for e — >^ 



V,(e) + l~eln2e , 



(5.13) 



while, for e — >■ oo, Vs(e) = ©(Ine/e). Comparing with eq.(4.7) shows that eq.(5.12) is noth- 
ing but a peculiar case of eq.(4.7) (at large-/3o) with "new" = " Mink" , provided one makes 
the identifications G^}^''{ej) = Goisi^j), ^Mmfc(^^)|iarge-/3o = ^Mmfe(^^)' identifies the 
A?^-independent subtraction term on the second line of eq.(4.7) as 



dX^ 



Minkin= I ^[V,(e) + 1 



(5.14) 



Eq.(5.14) can be rewritten in terms of UV (and IR) convergent integrals as 



Huink 



large- /3o 



^0 



A2 



V.(e) + ll<i„fe(A') 



d)^ 



(5.15) 

which gives a dispersive representation of HMink large-/?o [10]. On the other hand, both 
integrals in eq.(5.14) arc UV divergent, but this divergence can be disposed of by taking 
one derivative with respect to InQ"^, thus getting 



dHM,n, («,(Q-)) 



dlng2 



'-Mink 



largo- ;3o 



A2 [dine 



V 



3 ^Mink 



(A^ 



(5.16) 



'Eq.(5.12) is at the basis of the dispersive approach [3, 4] to Sudakov resummation. 
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Since, according to our conjecture (eq.(4.11)), the left-hand side of eq.(5.16) should be 
equal to — (^inQ^)^ ' ^^^y nave to check that 



large- /3o 



{d\uQ 



2^2 



large-/3o 

is the correct dispersive representation of the second logarithmic derivative of the quark 
form factor in the large-/3o limit. 

Paralleling the discussion in sections 2 and 4, we note that one can also write the right-hand 
side of eq.(5.12) as the sum of two UV convergent, but IR divergent integrals, by removing 
the virtual contribution (—1) from the first, iV-dependent, integral 

^ large-/3o ^ 

(5.18) 

Eq.(5.18) should be compared to eq.(4.8), leading to the identification 

HM^nk{as{Q'))L^^,^-J^ ^<.n.(^') = y^ ^V.(6X,,,(A2) . (5.19) 

Comparaison with eq.(4.12) also suggests that formally one can also identify the IR diver- 
gent integral on the right-hand side of eq.(5.19) as 



din {J^iQ^)y 



dlnQ2 



largo- ;3o 



POO j\2 

_V,(eX^„,(A2) , (5.20) 



a purely virtual contribution, while the first integral on the right-hand side of eq.(5.18) can 
now be interpreted as containing only real gluon emission contributions. 

To check eq.(5.20) (and hence eq.(5.17)), we first observe that the first logarithmic 
derivative d,inQ^ °^ quark form factor coincides in the large-/3o limit with the ordinary 
derivative Indeed, since = l+0{as), it is clear that disconnected diagrams coming 

from the expansion of the denominator 1/.?^ in the logarithmic derivative are subdominant 
at large-nj. Thus the problem reduces to find the dispersive representation of in the 

large-/3o limit. According to [24, 25], this amounts to the calculation of the characteristic 
function ^(A^/Q^) of the quark form factor, namely of J^i{Q^) = (f){)? /Q'^) Qg, the one 
loop radiative correction to the on-shell masslcss quark form factor computed with a finite 
gluon mass A. This quantity is expected to be UV divergent, but the divergence should 
disappear after taking one derivative, namely ^(A^/Q^) (which is the characteristic function 
associated to the derivative of the form factor) should be finite (with (p{X^/Q'^) = 0(ln(A^)) 
for A^ — 0), yielding the dispersive representation 



dlnQ2 



large- /3o 



A2^VQV 4Cf 



We note that the integral on the right-hand side of eq.(5.21) should be UV convergent, 
but IR divergent, since we expect 0(oo) = 0, but ^(0) = 0(1). Comparing eq.(5.21) with 
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eq.(5.20) then suggests that 



— j= 4CF-Vsie) = 2CFVsie) , 



(5.22) 



and also that ^(A^/Q^) = 2CfVs{^)- Moreover 2CFVs{e), which vanishes at e = oo, should 
coincide with the renormalized version (f)R{\^ /Q'^) of ^(A^/Q^) 



2Cf V,(e) = 



(5.23) 



with the normalization condition (Pr{X'^ /Q'^) = at = (i.e. 0/j(oo) = 0). These 
statements are checked in Appendix C. We also note that dln(.F(Q^)) /dlnQ'^ has a 
status similar to that of an infrared and coUinear singular quantity, such as F2 (Q^ , N) . 

A partial check of eq.(5.17) to order can also be performed by comparing the right- 
hand side expanded to this order with the result of existing order calculations of the 
quark form factor. This comparaison can be conveniently performed using the Borel trans- 
form technique. Indeed in Borel space eq.(5.17) becomes (in the MS scheme) 



B 

where [10] 



(dlnQ2)2 



large- /3o- 



{u) = -4Cf exp(5n/3) FsDaiu) 

TTU 



(5.24) 



Jo 



TTU y 



sm TTU 



J (l-u)(l-«/2) 



(5.25) 



The left-hand side of eq.(5.24) is easily obtained to order from eq.(2.33), in the large-/3o 
limit. Our definition of the Borel transform is such that if /(a^) = /lO^ + /20s + /sof + 
then B[f]{u) = h + ^u + \^u'' + with /(a,) = ^ duexp(-V(/3oa.))5[/](?x). 



5.2 DY case 

We start from the dispersive representation 



dlnQ2 



large-/ 



poo i\2 / \ 2 \ 



and take the large- A'^ limit, using the following two scaling properties: 

i) For N 00 with = N'^e fixed, we have [3, 10, 11] (see Appendix B) 

:FDY{e,N)^gDY{et) • 

ii) For AT — > 00 with e fixed we have (see eq.(B.12)) 

j^DY{e,N)^Vt{e) , 



(5.27) 



(5.28) 



°The factor i in eq.(5.22) arises because the square of the quark form factor appears in eq.(5.20). 
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where [24] 



Vt(e) = Re Vs{ 



Jo 



z + e e 



(5.29) 



Proceeding as in section 5.1, we then obtain immediately at large- AT the analogues of 
eq.(5.12) and (5.18): 



dlnc^£.y(Q^-/V, A*^ 



dlnQ2 

and 

dlnc^w(Q^iV,//2) 



large-^ 



dlnQ2 



large-^ 



I 



A2 



Qdy{N e)AMink 



(5.30) 



°° dX^ 



gDY{N''e)+l 



<infe(A')+ ^Vt(e)A](^,„,(A2) . 



(5.31) 

The result for the time-hke form factor is immediately obtained by analytic continuation 
of eq.(5.20) to the time-hke region. Performing this continuation and taking the real part 
of the result one gets the formal IR divergent dispersive representation 



dln|jr(-Q2)|2 



dlnQ2 



large- /3o 



-I 

Jo 



oo j\2 



dy 



whereas the analogue of eq.(5.17) is clearly 



d^ ln|J^(Q 



2m2 



{dlnQ 



2^2 



large-^ 



/ 

Jo 



°° dX'^ d^Vtie) 
A2 ((ilne)3 



(5.32) 



(5.33) 



6. Conclusion 



In this paper we investigated the structure of A^-independent contributions in threshold 
resummation for DIS and the DY process. Our main result is contained in the conjectured 
relations eq.(2.26) and (3.15), which have been checked to order a^, using the relations 
eq.(2.39) and (3.20). These relations essentially state that, once one corrects for the mis- 
match due to the presence of a virtual contribution (required to regulate IR divergencies) 
in the Sudakov integrals (which ideally should contain only real gluon emission contri- 
butions responsible for the logarithmic terms at large- A^), the remaining constant terms 
not included in the integrals are given by (logarithmic derivatives of) the quark form fac- 
tor, a purely virtual contribution. To obtain these relations, two derivatives are necessary 
(eq.(2.24) and (3.14)): the first one gets rid of infrared and collinear divergences, leading 
to the IR safe "physical anomalous dimension" observable; the second one allows to bypass 
the real-virtual cancellation of IR singularities, the purely real contributions (the Sudakov 
integrals in eq.(2.24) and (3.14)) and the remainder, purely virtual, form factor related 
constant terms being separately finite. 

The close connection between A?^-independent ( "non- logarithmic" ) terms and form factor 
type contributions have been noted for a long time [1, 17, 18, 21, 26]. We presented a 
particularly simple version of this connection, valid in four dimensions, where the DIS and 
DY channels are treated in a symmetrical way. As a by-product, we obtained eq.(2.90) and 
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(3.48), which allow to compute the "non-conformal" parts B and D of the standard "jet" 
and "soft" Sudakov effective charges J and S in terms of the virtual contribution Bs to the 
diagonal splitting function, and the quark form factor. While the second of these relations 
has a content equivalent to similar ones previously given in [17, 18, 21] for the DY process 
(which allow in particular to compute Ds, yielding a result which agrees with the one 
obtained in [17, 18, 27, 28]), its counterpart eq.(2.90) for the DIS case is new, and allows 
to compute B^ with a method alternative to the one used in [5]. Moreover, subtracting 
eq.(2.90) from (3.48), we obtained the general structure (eq.(3.53)) laying behind the first 
relation in eq.(4.19) of [5], which we extended to one more order (eq.(3.55)). 
We also performed an all-order check of our conjecture at large-n/, taking the large- AT limit 
of the dispersive representation of the "physical anomalous dimensions" which control the 
scaling violation for DIS and DY. As a by-product, we obtained a dispersive representation 
of the quark form factor. 

A further consequence of eq.(2.26) and (3.15) was pointed out in [3]: if the theory is 
conformal in the IR limit, these relations imply universality of the IR fixed points of the 
DIS and DY Sudakov effective couplings J{k'^) and <S(A;^); in particular, the Banks-Zaks 
fixed points are the same (and independent of the resummation procedure, i.e. the same 

for Jnewik"^) and Snewik'^) )• 

Although we investigated only DIS and DY, wc expect a similar approach to be applicable 
to other inclusive processes with a hard electromagnetic vertex, such as the ones considered 
in [29], as well as [18] to the case, relevant to Higgs production via gluon fusion, where the 
hard vertex is a gluon form factor. 
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A. The Icirge-A'^ constant terms in the Sudcikov integral 

To compute the constant terms Cp in eq.(2.53), i.e the terms proportional to N'^ (or, rather, 
N~'^) in the N ^ oo asymptotic expansions of (2.53), it is very convenient to introduce 
the Mellin-Barnes representation 

«H-Qrj-i = ^y_<''(Qr) rw, (A.1) 

with c = 3?(s) g] — 1,0[. The latter interval defines the s-complex plane fundamental strip 
of the Mellin-Barnes representation, crucial object to determine the asymptotic expansion. 
Indeed, the Mellin transform singularities lying to the right of the fundamental strip encode 
the N ^ oo asymptotic expansion of the Mellin-Barnes representation, while the singular- 
ities to the left encode the A/' — > asymptotic expansion. It is therefore important to know 
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precisely the fundamental strip in order to take into account only the relevant singularities 
(for more details, in particular for the determination of the fundamental strip, we refer the 
reader to [30, 31]). 

Using (A.l) in eq.(2.53), we then have 



1 i-c+ioo 1 pc+ioo / TV \ 1 



c+ioo 1 

dsN-'V{s)- , (A.2) 



C— lOO ^ 



-[^ rc+ioo 2 



dsiV-^r(s)^ (A.3) 



27ri .1 c—ioo ^ 



and 



1 I-c+ioo 2 

dsiV-^r(s)^ , (A.4) 



2TTi J c^ioQ S'^ 

where the last step of integration for each integral is true only if 3?(s) < 0. Since 3?(s) G 
] — 1, 0[, this is actually the case. For arbitrary p we have 

1 f-c+ioo 1 I-c+ioo I 

Ip{N) = — :/ dsN-'ip{s) = :/ dsN-'r{s)-^, (A.5) 

27ri J c—ioo 27ri Jc—ioo 

with the same condition ?R.{s) < 0. 

Now, we are interested in the iV — > oo asymptotic expansion of these integrals and, 
to be precise, in the constant term of the asymptotic expansion, therefore we only have to 
consider the corresponding singular element of the Ip{s) (to the right of their fundamental 
strip). This is indeed the statement of the converse mapping theorem [30], which gives 
nothing but a simple dictionary between singular elements (or singularities) of the Mellin 
transforms (here the Ip{s)) and terms of the asymptotic expansions of their inverse (here 
the Ip{N)). In our case, the singular elements of interest /pj'^*"^' (p G {0,1,2}) are the 
truncated Laurent series of each Ip{s) around s = 0, because the converse mapping theorem 
relates the residue of a pole located at s = Z to the coefficient of the term of power —I in 
the asymptotic expansion (which is for us N~^). 

The singular elements at s = are 

f ising. _ 1 I 7E ( A (l\ 

Ms^O - + — ' (A-W 

f \sing. _ 1 7i? 67I + TT^ 



and 

- sing. 2 27ij 67| + 7r^ , 27I + 7g7r^ + 4C3 , . 
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Since the Mcllin transforms Ip{s) fulfil the necessary condition of decrease along vertical 
lines [30], we can apply the converse mapping theorem}^ and we then find the results in 
eqs.(2.55), (2.56) and (2.57). Notice that with this method any term of the asymptotic 
expansions can be straightforwardly obtained by computing the corresponding singular 
element (see Appendix C for an example of a complete asymptotic expansion computation) . 



B. Scaling behavior of the chciracteristic functions in the leirge-A^ Umit 



B.l Deep Inelastic Scattering 

We start from the expression eq.(5.9) for the McUin-space characteristic function J^dis{^, 
and derive its A?" — > oo limit, with ej = Ne — ^2 
tribution 



fixed. Let us first consider the real con- 



1 

l + € 



Using the change of variable t = N{l — x),we get 

rN / . \ N-1 



(B.l) 



(B.2) 



Now for N ^ 00, {l-jf) 
given in [24], one finds-*^^ 



exp(— t), whereas, using the expression of !F^^jg{e,x) 



1 ^{r) fej t 



t\ e, 4 ^ 2 t ^ 4 t2 



(B.3) 



(where we accounted for the different normalization by a factor 1/2). Thus taking the limit 
N ^ 00 with Cj fixed we get 



r 



dt 



exp(— t) 



t 3 le, le^ 

In 1 -{ 

ei 4 ^ 2 t ^ 4 t2 



(B.4) 



where we set A = 00 in the limits of integration. We are interested in the behavior of the 
second derivative with respect to Ine^. It is straightforward to get from eq.(B.4) 



f 



dt 



exp(— t) 



2 t 



2i2 



(B.5) 



^^The converse mapping theorem says that a pole of multiplicity m located at s = Z gives a term propor- 
tional to A'^"' ln"'~^(A'^) so that wc only need to consider the m = 1 terms in our singular elements. 

'^^We note that after multiplication by t, and reverting to the original variables x and e, the left-hand 
side of eq.(B.3) coincides with (1 — x)P^^\g{e,x). We thus find for a; — > 1 with fixed the scaling law 
in momentum space (1 — a;).F^]g(£, x) ~ In — | + \ + 1(1^)^1 where the right-hand side depends 
only on the single variable — , and coincides (taking into account the different normalization) 



with (1 — x)T{x,e) Ij^g in the notation of [32] (see eq.(28) there). 
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and 



2t 



:|r(-l,e,) + e2r(-2,e,) , (B.6) 

where we recall that = — = + ^J^2 ■ On the other hand, for e = ej/N — the 
virtual contribution Vs(e) behaves as 

V,(e)~-iln2e-^ln6-^-I, (B.7) 

and thus diverges for ^ oo with ej fixed, but this divergence is removed after taking two 
derivatives, since (see also eq.(5.13)) V<j(0) = —1. We can express the incomplete Gamma 
functions r(— l,ej) and r(— 2, e^) on the right-hand side of eq.(B.6) in terms of r(0, ej) 
using integration by parts 

r(-i, x) = ^^Eiz^ _ r(o, x) (b.s) 



and 



s 1 exp(— x) 1 exp(— x) , X 

r(-2,^) = i;-^ - + 0^(0,^) , (B.9) 



to obtain 

•^Ss(^' ^) ~ exp(-e,) - ^ej exp(-e,) - ^e,r(0, ej) + ej) . (B.IO) 



Hence, adding the virtual contribution Vs(0) = —1, we get [3, 10, 11] 

^Dis{e,N) ~ -l+exp(-e,)-^e, exp(-e,)-^e,r(0,e,) + ^e2r(0,e,) = Goisiej) . (B.ll) 
B.2 Drell-Yan 

Exactly the same reasoning as for DIS can be applied to DY. As before, we use results of 
[24] at finite N to compute the corresponding large-AT limit. We begin with the analogue 
of eq.(5.9) 

PTmax , , 

J'DY{e,N)= dx x^-^:F^^l{e,x)+Vt{e) , (B.12) 

^0 

where Tmax = jj^^^i ^-iid derive the ^ oo limit of J^Dvi^, N), with = N^/e = ^ 
fixed. Using again the change of variable t = N(l — x), we get for the real contribution 
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Starting from the expression of ^j^y (e, x) given in [24], it is easy to show that for iV — > oo 
we have^^ (taking into account the different normahzation by a factor of 1/2) 



Thus letting TV — oo with Cg fixed we get 



J^g-J.(e,iV) ~ 4 / - exp(-t) tanh-V 1 - , (B.15) 

where we set AT = oo in the Umits of integration. Taking (minus) the first derivative with 
respect to Ine^ of eq.(B.15) we obtain 

T'^lie, AT) ~ 2 / - exp(-i) ^ _ = 2Ko (2e,) , (B.16) 



2es 



t L 4e2 







where Kq is the modified Bessel function of the second kind^^. On the other hand, for 
e = e^/iV^ the virtual contribution Vt(€) behaves as 

V,(e)~-iln2e-^ln6 + ^-^, (B.17) 

and thus diverges for N ^ oo with es fixed, but this divergence is again removed after 
taking two derivatives, and we get Vt(0) = —1. Thus we obtain 

j^DYie, N) ~ [2Ko (2e,)] - 1 = [Ko {x = 2e,)] - 1 = foy(e,2) , (B.18) 

which agrees with the result quoted in [3, 10, 11]. 



C. Massless one- loop quairk form factor with a finite gluon mass 

Let us detail the calculation of the massless one- loop renormalized quark form factor with a 
finite gluon mass A. We present here this calculation in dimensional regularisation D = A—e 
and in Feynman gauge (the "Landau gauge" k/^ki, term gives no contribution). 
The amplitude we are interested in is 

A={-ie){-i)gHH''fi'uip+q) f -^-r^J^j r^^^ —fuj ""(P) 

J (27r)4 f k+p + q + ir] k + p + irj - ^ + 

(C.l) 

Again we note that after multiplication by t, and reverting to the original variables x and e, the left- 
hand side of eq.(B.14) coincides with (1 — a;).^^y(e, x). We thus find for a; — > 1 with ^iJ^-^i fixed the scaling 

law in momentum space (1 — a;).^^^ (e, a;) ~ 4tanh~^^l — 4-^ ^ J^^; , where the right-hand side depends only 

,2 

on the single variable , J = . 

connection with the work in [33] was pointed out in [3]. 
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with t'^t"' = Cp = ^- In the (on-shell) massless quark Umit only one form factor enters into 
the game: 



A = (-ie)J^i{Q^ , e)u{p + q)-/^u(j)) 



(C.2) 



where = —q^- 

Feynman parametrisation, gamma-algebra and evaluation of the momentum integral 
lead to (we do not write irj anymore) 



i r(3-f)r(f)(6-2)=^ 

■(20F)4-r(2-|)r(3) 4-6 

xl dxl a!yy[QW(l-^) + A'(l-y)]^ 
Jo ^0 

-i r(i + f) 
(20F)4- r(3) 

x! dxl dyy[Q\y\l-x) + \^{l-y)]-^-iQ^[2{l-y) + {x-l)xy'{e-2)] 
Jo Jo 

(C.3) 

The exact values of these integrals are not straightforwardly computed but one can get 
their asymptotic expansions in the A — limit. Interestingly enough, we shall see that 

exact results can be obtained from the asymptotic expansions. The calculation will be done 
following the strategy of [30, 31] which has already been used and detailed in Appendix A. 
Let us consider the first parametric integral in the bracket of (C.3). It reads 



r(3-f)r(f)(e-2 



H^2 



(20F)4-^ r(2 - |)r(3) 4 

i r(3-f)r(f)(e-2^2 ri 



-2)2 /•! /•! .2 

/ dx / dyy[Q xy 

— ^ Jo Jo 



xy\l-x) + X'il-y)]- 



(20F)4- r(2 - |)r(3) 4 



--^rdxl'dyyi^'^y'^'-^^^^ 
-e Jo Jo 



1 + 



(C.4) 



Using the Mellin-Barnes representation 

2 ^ /•c+ioo 



1 + .A"a-2/) 



1 r+ 
2177 Jc-i 



ds 



A^(l-y) 
Q'^xy'^il — x) 



r(.)r(f-.) 



r(f) 



(C.5) 



with c = 3f?(s) g]0, |[ (the s-complex plane fundamental strip of the Mellin-Barnes repre- 
sentation), we then get 



h = 1^2 



r(3 



(6 - 2f 



(20F)4-^ r(2-f)r(3) 4-e 



-I 



c+ioo / ^2 
ds I 

c—too 



^ r(f-s)r2(i-| + .) 



, (C.6) 



Q'^ J sin(7rs) T (3 - e s) 
where we performed the parametric integrals, which did not modify the fundamental strip. 
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Similarly, using 



A"(l-y) 
Q-'xy-'il-x) 



1 + TWZZJ 



-^-.JJ^i^^^'ltE^LlifA, ,c.7) 



'+1 2mi._,„ \Q'xyHl-x)J F (l + f ) 



where the fundamental strip is given in this case by c g]0, 1 + |[, we have for the second 
integral in the bracket of (C.3) 

''-^^(2V^)4- r(3) 

X [ dx [ dyy[Q^xy\l-x) + X\l-y)]-^-iQ^[2{l-y) + {x-l)xy^{e-2)] 
Jo Jo 

= ^^^2-^^^^^ |2Q2 dx % y(l - y)[QW(l - a^) + A'(1 - y)]"'"^ 

+ (e - 2)g2 /" / dy{x- l)xy^[Q^xy\l - x) + X^il - y)]"^" 
Jo Jo 

-^^2Vi)4- r(3) ^ 

'^+^~ a2 \ r(s)r (1 + 1 - s) r2 (s - f ) r(2 - s) 



/-rf+^oo^ /An~' r(s)r(i + f 



r (s + 2 - e) 



_ 1 /A^y- r(.)r(i + f-.)r^(i-f + .)r(i-.) \ 

^ ^2zW/-.oo UV r(i + |) r(. + 3-e) J- ^^-'^ 

Notice that for the two Mellin-Barnes integrals in the last equation, the fundamental strips 
have been modified by the parametric integrations, since d 1 + |[ and / g]0, 1[. 

It is possible to compute the asymptotic expansion of (C.6) and (C.8) in the A ^ 
limit keeping an exact dependance in e, but we would get results on which the e Laurent 
expansion would be hard to obtain. In fact both integrals in (C.8) are convergent in the 
e — limit, which can then be performed at the integrand level in these integrals to give 



87r2 2i7r 7c-ioo \<5V \sin{7rs) J s(s + l)(s + 2) 

where the fundamental strip is now c g]0, 1[. 

A contrario, the e ^ limit of (C.6) is not well-defined since we have a pinch singularity 
in this limit (due to the fundamental strip ]0, |[). This, of course, reflects the UV divergence 
of the form factor. 

What we therefore do is to keep the exact e-dependance to compute the first term of 
the A — >^ asymptotic expansion of (C.6). After that, the pinch singularity being discarded, 
the e-expansion becomes possible in the remainder integral directly at the integrand level. 
We then perform renormalization, subtracting to the form factor its value at = 0. 

To compute the first term of the A ^ asymptotic expansion of (C.6), we follow 
[30, 31] (see also Appendix A). One thus needs the first singular element to the left of the 
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fundamental strip of (C.6), which is located at s = and reads 



TT r(f-.)r^(i-| + .) 

sin(7rs) T (3 - e + s) 
We therefore conclude that 



smg. 



l/2 



r(3-§) {e-2f 



+ 



(2V^)4-^ r(2 - f )r(3) 4-e 
i r(3-f) (e-2)2 



i r(i)rMi-i) 

s r(3-e) 



.r(i)rMi-i) 



(C.IO) 



r(3-e) 



(2V^)4-^ r(2 - |)r(3) 4-e 



1 /"^^ 

2i7r 



2^ 

(i+ioo 



sin(7rs) 



r(3-e + s) 



(C.ll) 



where now d g] — 1 + |,0[, so that one can safely perform the e — >^ limit inside the 
integral. Before doing this, let us come back to eq.(C.3) to compute the contribution of 
renormalization. 



:ri(0,e) = {-i)asA'KCF2 

One therefore finds 
i2\ _ (t 



(20F)4-e^ r(2 - f )r(3) 4 - e 
r(3-f)r(f)4(2-e) 



T(3-f)r(f)(e-2)^ 



C dx [\y y[\\l - y)]^ 

^0 



(20F)4-^ r(2-f)r(3) (4-e)2 



(C.12) 



= {-i)as4TrCF (h+h-2 



r(3 



4(2 



(— ■i)as47rCi? 



1^ 
l327r2 



(2V^)4-- r(2-f)r(3) {A-ef 



e=0 



\2 

3 + 21n( — r 



87r2 2i7r 



d+ioo / ^2 

ds I 

ioo 
c+ioo 



TT 



87r2 2i7r 



— r'^''^ ds f — ^ ~' ( ^ \ 



sin(7rs)y (2 + s)(l + s) 

2 r, 



sin(7rs)y (2 + s)(l + s)s 



,(C.13) 



with d g] — 1, 0[ and c g]0, 1[. To get the complete A ^ asymptotic expansions of the two 
integrals in the right-hand side of (C.13), we then have to compute the singular expansion^^ 
of the Mellin transforms 

2 1 



and 



Mi{s) = 
M2{s) = 



TT 



sin(7rs)y (2 + s)(l + s) 

2-s 



TT 



sin(7rs)y s(s + l)(s + 2) 



(C.14) 



(C.15) 



^^The singular expansion is simply the formal sum of all singular elements, and it is denoted by the 
symbol x as in [30, 31]. 
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to the left of their corresponding fundamental strips {i.e ] — 1, 0[ for Mi and ]0, 1[ for M.2)- 
One finds 



and 
M2{s) 



Miis) 



1 



1 



+ 



1 + ^ 



1 



1 



1 + ^ 



(s + l)3 (s + l)2 s + 1 (s + 2)3 (s + 2)2 s + 2 
1 1 ^3-2n 1 



-E 



„=s (2 - ")(1 - ») (" + (2 - - n)2 . + n 



l_l+i±i 

s 



3 + 7r2 



5 



■ + 



(C.16) 



11 I 27r^ 
4 3 



(s + l)3 (s + l)2 S + 1 (s + 2)3 2(s + 2)2 s + 2 



^ (9.-' 



+ E 



-4+ 12n - 3n2 



2n3 



(2 — n)(l — n)n (s + n)2 



(2 — n)2(l — n)2n2 s + n 



(C.17) 



Now, since our Mellin transforms (C.14) and (C.15) fulfil the necessary condition of decrease 
along vertical lines [30], wc can apply the converse mapping theorem [30, 31], which gives 
the complete asymptotic expansion for A^/Q^ —>■ 



327r2 



A2 



1 fX 



- In 



A' 



3 ; g2 2 

2 \ oo 



3 + 21n 

2N 2 
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A2 
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1 



Q2; ^j2-n)(l-n) 



1 A^ 

2Q2 

2 



ln2 



A2 



2n - 3 



TT 



8^ 



1 



ln2 



A2 



2- 
A2 



+ 21n 



(3 + -^)^ + 



A2^2 



In' 



A2 
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5 TT 

2 ^ "3 
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2N 2 



(C.18) 
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■In 



11 27r2 
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+ In 



A^ 
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n=3 



2 + n 



A2 



(2-n)(l-n)n 



2 \ n oo 



n=3 
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A^ 

2 \ 



The first few terms are (og = cks/^tt) 



^i,r(Q' 



A2 



A2 



' g2 1 — I + - + — 



7 27r2 



, 2 / ^2 A „ 27r2 



(C.19) 



where the non-analytic logarithmic term in the correction which vanishes for A — ^ signals 
[25] the leading renormalon in the quark form factor. 

It is easy to prove that the asymptotic expansion (C.18) is in fact an exact result since 
all sums in (C.18) are convergent in our limit (notice that they can be easily expressed in 
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terms of usual functions after decomposition into partial fractions) and because there are 
no exponentially suppressed terms. 
Indeed, one finds 



n=3 



-4+ 12n - 3n^ 



2n^ 



(2-n)2(l -n)2n2 



A2_ 



11 
T 



a2_ 



+ 



-1+ 3-2 



A2 



Li2 



A2 

(C.20) 

and similar results for the other sums in (C.18). 

Moreover the absence of exponentially suppressed terms is due to the fact that the asymp- 
totic remainder integrals tend to zero. Indeed, choosing T 



^^Y^ where j G N, we have 



16 



/. 



-T+iT 



ds 



T-iT 





A2 


T 


< 2T 









1 



(2-T)(l -T) 



^sin(7rs)y (2 + s)(l + s) 

(C.21) 

and the righthand side vanishes for T +oo if ^ < 1. A similar result for the other 
integral of (C.13) is easily obtained. 

After simplification of (C.18), one then has, because of the absence of exponentially 
suppressed terms, the final exact result 



^i,i?(Q') = asCp 




A2 



2Li2Ur^ +21n In l--. 



A2 



A2 



InM 4^ - 



7 o^' , 



A^ 



2f_- 
3 

(C.22) 



which is indeed equal to asCF2Vs{X^ /Q^) = CfVs{\^/Q^)^ (eq.(5.23)), with Vs{X^/Q^) 
as defined in eq.(5.7). Our result agrees with [24], but only provided we interpret their "to- 
tal correction to the renormalized hard vertex" as twice the one-loop renormalized quark 
form factor, since the normalization of Vs{)? /Q'^) in this latter reference is twice the one 
used in eq.(5.7). This factor of 2 arises because it is the square of the form factor which 
occurs in eq.(5.20). 



Note added in proofs: the referee has pointed out to us that the all orders validity of eq. 
(2.37), hence of the conjecture eq. (2.26) in the DIS case, can actually be derived from the 
results of section 4 in the paper JHEPOl (2007)076 by Becher, Neubert and Pecjak, once one 
notices that the matching function Cv{Q'^,lj) in this reference is related to G{Q^ / ji^ ,as) 
by G{Q^/fi^,as) = ^j^q lnCv(Q^,/x). We thank the referee for this valuable information. 
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